Nambu-Jona-Lasinio (NJL) model with Kobayashi-Maskawa-'t Hooft (KMT) term is one of low energy effective theory of QCD which includes the UA(1) anomaly. We investigate nonet meson properties in this model with three flavors of quarks. We employ two type of regularizations the dimensional and sharp cutoff ones. The model parameters are fixed phenomenologically for each regularization. Evaluating the kaon decay constant, the η meson mass and the topological susceptibility, we show the regularization dependence of the results and discuss the applicability of the NJL model.
I. INTRODUCTION
The unique QCD Lagrangian is found by imposing the local SU c (3) gauge symmetry, Lorentz invariance, locality and renormalizability in four space-time dimensions. It is believed to be a fundamental theory of strong interaction between quarks and gluons. One of the features of QCD dynamics is "asymptotic freedom" which legitimates perturbation theory at short distances. Unfortunately non-perturbative effects cannot be avoided in the confinement phase which takes place at low energy scale, i.e. where the QCD coupling is not small. Nambu-Jona-Lasinio (NJL) model [1] is a well-known and often used low energy effective theory of QCD [2] [3] [4] . Nambu and Jona-Lasinio have introduced a fourfermion interaction to describe the attractive force between fermions. In this model, chiral symmetry is spontaneously broken by non-vanishing expectation value for a composite operator constructed by the fermion and anti-fermion fields and the fermion mass is dynamically generated. The NJL model and its generalizations are extremely useful in the study of the light meson properties at low energy.
The four-fermion interaction is a dimension six operator in four space-time dimensions therefore the model is non-renormalizable and depends on the regularization procedure. In order to regularize fermion loop integrals one usually introduces a momentum scale Λ to cutoff integration momenta higher than Λ. Another regularization, the dimensional one, is an analytic regularization; one calculates loop integrals as analytic functions of the space-time dimensions and uses them for the value of the space-time dimensions less than four [5] [6] [7] [8] 12] .
In the present paper we study NJL model in the dimensional regularization and compare the results with ones obtained in the sharp cutoff regularization. NJL model in both regularizations describes well the dynamical breaking of chiral symmetry and the π and σ meson properties in vacuum [8] . Yet at finite density (especially when the cutoff scale is close to the Fermi momentum) important contributions to the quark loop integrals are dropped in the cutoff regularization scheme [9] , while dimensional regularization leads to results consistent with QCD even in the region of asymptotic freedom, therefore we find a strong regularization dependence in the extended NJL model with an attractive force in the color anti-triplet channel for a large chemical potential [12] . Such a high density state may be realized in astrophysical objects. It is expected that the model can be tested by observing the structure of dense stars.
Non-negligible regularization dependence is observed even when considering the system at T = µ = 0. The cutoff scale is usually taken to be lower than η ′ meson mass (m η ′ ≃ 958MeV) to reproduce light meson properties [4, 13, 14] . Then the m η ′ in the low energy effective theory is not well-defined quantity. Λ is phenomenologically fixed and it is considered as a scale above which the effective model may lose its validity. Furthermore, the cutoff regularization may break some symmetry of the Lagrangian. The cutoff regularization may cause some unexpected effects in the system where the strange quark and U A (1) anomaly play an important role. Therefore we launch a plan to study the three flavor system with U A (1) anomaly by using the dimensional regularization.
In the present paper the extended NJL model including the Kobayashi-Maskawa-'t Hooft (KMT) term [15, 16] is regarded as a low energy effective theory of QCD with U A (1) anomaly. We consider three-flavor light quarks, u, d and s, and investigate the nonet meson properties. In Sec. II. we introduce the model Lagrangian and briefly review regularization schemes. In Sec. III we calculate the meson masses, decay constants and topological susceptibility in the leading order of 1/N c expansion. The results depend on the regularization parameters. In Sec. IV we evaluate the kaon decay constant, the η meson mass, m η , and the topological susceptibility χ as a function of the space-time dimension D associated with loop integrals. In Sec. V the dependence of physical quantities on the current up-quark mass, m u , is studied. After phenomenologically fixing the model parameters, we discuss the two regularizations dependence of the results. This paper shows that the model Lagrangian is not satisfactory in either of regularizations. Some concluding remarks are given in Sec. VI.
II. NJL MODEL WITH UA(1) ANOMALY
The NJL model is one of the simplest models to describe the dynamical symmetry breaking. It is often used to study the light meson properties at low energy scale. Since the U A (1) anomaly induces the mass difference between η and η ′ mesons, the NJL model should be extended to include the contribution from the U A (1) anomaly in evaluating the nonet meson system constructed out of the three flavor light quarks.
A. Model set up
Kobayashi and Maskawa have introduced an interaction written in the determinant of the composite operator constructed by quark and anti-quark fields in the nonet meson system [15] . In QCD θ-term can be transformed to the determinant term by U A (1) transformation. Thus we can include the contribution of the U A (1) anomaly through the determinant term in the NJL model. In the present paper we consider the four-and six-fermion interaction invariant under SU L (3) ⊗ SU R (3) global flavor symmetry and start with the Lagrangian,
where
the subscripts (i,j) are the flavor indices,m expresses the current quark mass matrix, λ a are the Gell-Mann matrices in the flavor space, G and K represent the effective coupling constants for four-and six-fermion interaction, respectively. The determinant in L 6 concerns the matrix elements labeled by the flavor indices, ij. The order of the coupling constants are supposed to be GN c ≃ O(1), KN 
where the symbol tr 
Here we indicate the space-time dimension for internal quark fields by D. Below we omit the subscripts in tr s,c for notational simplicity.
B. Regularization schemes
The fermion loop integral in Eq. (6) is divergent in four space-time dimensions to obtain a finite result we have to regularize it. The four-and six-fermion interaction are written in terms of the dimension six and nine operators, respectively. Thus the operators in L 4 and L 6 are irrelevant in four dimensions. It means that the results depend on regularization procedures. Here we use two different procedures; one is the three-momentum sharp cutoff regularization and the other is the dimensional regularization.
In the three-momentum sharp cutoff method, we cut off the space momentum component integral above the scale, Λ,
In the dimensional regularization scheme, we regularize the divergent integral with the help of analytic continuation of the integral as a function of the space-time dimension D to a non-integer value less than four,
This is a kind of an analytic regularization. We regard the space-time dimensions D in the fermion loop integral as one of the parameters of the effective model of QCD. The dimensional regularization is applied to momentum integrals only for internal fermion lines. The common parameters of the models considered here are the coupling constants G and K, the current quark masses m u (= m d ), m s . In the cutoff scheme, the cutoff scale Λ is one more parameter. On the other hand in the dimensional regularization, we consider the spacetime dimension D as one of the model parameters. In this case we have to introduce one more parameter, the renormalization scale M 0 , to obtain results with the correct mass dimension. Thus the parameters in these two regularization methods are aligned as follows,
All the parameters should be fixed phenomenologically.
III. MESON MASS AND DECAY CONSTANT
In this section we shall evaluate the properties of the nonet meson system. Here we calculate the meson mass, meson decay constant and topological susceptibility in the two regularizations.
A. π and K masses First, we consider pion and kaon. The masses of these mesons are obtained by observing the pole structure in their propagators. Employing the random-phase approximation (RPA) and the 1/N c expansion, the meson propagators are given by [3, 4] 
where the index α denotes the isospin channel and P stands for the meson species, π and K. The flavordependent effective couplings K α are defined by
In the leading order of the 1/N c expansion the self-energy for each meson, P , is given by
where the trace runs over flavor, spinor and color indices. The SU (3) matrices, T α , corresponding to different channels are,
with
Here we set tr s 1 to be 4 in the cutoff and 2 D/2 in the dimensional regularization schemes respectively.
Substituting the solution of the gap equations (4) and (5) in the self-energy expression for π 0 , K 0 andK 0 and evaluating the pole structure of the denominator in Eq. (9), we obtain the on-shell conditions for pion and kaon masses,
These equations are used to determine the values of the constituent quark masses m * u and m * s . Because of the SU (2) isospin symmetry the equations for the charged pion and kaon cases are the same as for the neutral ones. The QED effect is also important for the mass differences between the neutral and charged mesons. It should be noted that Eq. (18) becomes Eq.(17) in the limit m s → m u because the SU (3) flavor symmetry is restored in this limit.
B. π and K decay constants
Next, we consider the pion and kaon decay constants. The decay constant f P is defined by the matrix element of the axial current between meson and vacuum states,
where we introduce a renormalization scale M 0 to define the decay constant with a correct mass dimension, dim(f P ) = 1 for dimensional scheme. The trace runs over flavor, spinor and color indices. The meson-to-quarkquark coupling g Pis given by
Inserting Eqs. (13) and (14) into Eq. (20), we obtain the pion and kaon decay constants,
where J us is defined by
L ij is defined in the appendix (see, Eq.(A3)). As confirmed in the case with m π and m K , Eq. (22) corresponds to Eq.(21) in the m s → m u limit due to the restoration of the SU (3) flavor symmetry.
C. η and η ′ mesons
As is well known, the octet state, η 8 , and the singlet state, η 0 , are mixed in the real world. Thus the eigenstates, η and η ′ , with diagonal mass matrix are described as mixed states of η 8 and η 0 . In the RPA the propagator of the η − η ′ system is given by [3, 4] 
where K + and Π are the 2 × 2 matrices
and
To obtain the η and η ′ meson masses we diagonalize the inverse propagator via an orthogonal transformation [4, 14] . Thus the η and η ′ meson masses are given by the solution to the following equations,
The mixing angle θ η is found to be
The off-diagonal matrix elements in Eq.(24) disappear and the mixing angle θ η vanishes in the limit m s → m u . In this limit Eq.(27) coincides with Eqs. (17) and (18) and the mass spectrum for the octet mesons degenerates. Since the U A (1) anomaly breaks the degeneracy between the octet and the singlet mesons, a different on-shell condition is obtained from Eq.(28).
D. Topological susceptibility
To compare the QCD axial current with the NJL axial current we introduce the topological charge density Q(x) [4] ,
where g is the strong coupling constant of QCD and F a µν is the field strength for gluons. The topological susceptibility χ is defined by the correlation function between the topological charge densities at different points,
It describes some global feature of QCD dynamics. In the leading order of 1/N c expansion it is given by [18] 
We compare this result with the one obtained by the lattice QCD.
IV. PARAMETER SETTING IN THE DIMENSIONAL REGULARIZATION
In this section we discuss the physical scale and the parameter setting for the model with the dimensional regularization. In the study with the help of the NJL model, parameters are usually determined by fitting the physical quantities {m π , f π , m K , X}, where there are several choices for X. Here we fit the parameters by choosing X = m η ′ . We reproduce these four observables in the dimensional regularization scheme without fixing two of model parameters, m u and D. As for the up quark mass, m u , we fix it by hand and test several values. The dimension, D, is kept to be a free parameter. Then we calculate some meson characteristics as functions of D. Here we evaluate D-dependence of some observed physical quantities: the kaon decay constant f K , η meson mass m η and topological susceptibility χ.
A. Parameter setting
The model has 6 parameters m u , m s , G, K, M 0 and D, as is already mentioned in Sec. II. Here we set m u (= m d ) at 3, 4, 5 and 6MeV, and study the region, 2 < D < 4, in which an UV stable fixed point appears for G. Following the previous study [4] , we fit the other 4 parameters {M 0 , G, K, m s } by using the measured physical observables [17] ,
These quantities are calculated by analyzing the Eqs. (17), (18), (21) and (28), respectively. We solve these equations under the constraints imposed by the gap equations for m * u and m * s . Eliminating the term KitrS s from Eqs. (4) and (17), we obtain m * u as a function of m u and D,
We numerically evaluate this expression to plot m * u as a function of D in where g(m * s ) and h(m * s ) are given by Fig. 4 we observe a similar behavior of the four-fermion coupling, G, to one in the 2-flavor NJL model [8] , while we do not have a consistent solution for the dimension where no solution is found for m * s . There is no analog of Fig. 5 in the 2-flavor case. In Fig. 5 we see that K gets drastically large near the dimension where a consistent solution is lost. Finally in Fig. 6 it is found that the value of the current strange quark mass m s is roughly constant for the dimension larger than that corresponding to the discontinuity point, but it falls down as D decreases below the discontinuity point.
In Figs As is seen in Fig. 7 , the decay constant f K is smaller than the observed one, 110MeV, in the region, 2 < D < 4. The model has to be improved to describe the Kaon decay. We can fit the η meson mass to m η = 548MeV by tuning the dimension of the fermion loop integrals, D. The topological susceptibility is calculated to be χ 1/4 = 170±7, 174±7MeV in lattice simulations [19] and χ 1/4 = 179MeV in the Witten-Veneziano mass formula [20, 21] . We can also fit the topological susceptibility in the interval, 2 < D < 4. Consequently the dimension for the fermion loop integrals, D, can be fixed to reproduce the η meson mass or the topological susceptibility. We will discuss this matter in the next section where we need to fit an additional parameter D.
V. QUARK MASS DEPENDENCE
In the cutoff regularization all the model parameters can be fixed by fitting the physical quantities {m π , f π , m K , m η ′ } for a given m u . In the dimensional regularization an an additional observable, X ′ , needs to be fitted due to one more parameter involved in this case. Therefore, there are five physical quantities, i.e. the set of them, {m π , f π , m K , m η ′ , X ′ }, which are needed to fit all the model parameters. In this section we consider two different observables for X ′ ; one is the η meson mass, X ′ = m η , another is the topological susceptibil-ity, X ′ = χ. By using the experimental/empirical values of m η and χ we can define two different parameter sets and evaluate the meson properties. Then some physical quantities are evaluated for m u = 3, 4, 5, 5.5 and 6MeV. We calculate the physical quantities in the both regularizations to compare them with each other for each given m u .
A. Physical quantities in the dimensional regularization
To show the validity of the model as a low energy effective theory of QCD here we evaluate parameters of the model to reproduce the input sets {m π , f π , m K , m η ′ , m η } or {m π , f π , m K , m η ′ , χ} in the dimensional regularization and discuss the other (output) physical quantities. There exist two solutions to reproduce m η = 548MeV for m u 5MeV. In Table I we show m s , f K , χ, ūu r under the condition that m η = 548MeV. The subscript r in ūu r stands for that the quantity is renormalized, ūu r = ūu M Table I and II show the experimental/empirical values. The light quark masses are evaluated at 1GeV [17] . The empirical value of ūu ≃ ss is evaluated by using the Gell-Mann-Oakes-Renner relation [22] . We observe that the topological susceptibility χ is always larger than the one in the lattice simulation and the Witten-Veneziano mass formula.
In the Tables II and III we fix the parameters of the model so that to reproduce χ 1/4 = 170 or 179MeV and then we calculate m s , f K , m η , ūu r for m u = 3, 4, 5, 5.5, 6MeV. As is shown in Fig. 9 , we find two solutions in both sides of the discontinuity to satisfy χ 1/4 = 179MeV for m u 4MeV. In any case, we obtain the value for the η meson mass which is smaller than the observed one, m η = 548MeV. In this section we fix the model parameters to reproduce the measured values of Eq.(33) in the cutoff regularization for a given m u . The quantities, {m s , G, K, Λ}, are found following the same procedure as in the previous section. In the Table IV we show the parameters, G, K and Λ for m u = 3, 4, 5, 5.5 and 5.87MeV. It is observed that the cutoff scale Λ decreases as m u increases. No solution is found to simultaneously satisfy Eqs. (17) and (21) for m u 5.87MeV. In Table V the quantities, m η , χ, m s , ūu , are shown. In the cutoff regularization the kaon decay constant, f K , is consistent with the observed value for a smaller m u , while the η meson mass and the topological susceptibility are smaller than the experimental/empirical values. We obtain only smaller η meson mass than the experimental one, similarly to the situation in the dimensional regularization with fixed topological susceptibility χ.
Thus none of the regularizations can describe all of the nonet meson properties. We can fit the η meson mass or the topological susceptibility in the dimensional regularization but we obtain only a smaller kaon decay constant in either case. In the Pauli-Villars regularization it has been found that m u = m d = 2.7MeV, m s = 92MeV, f K = 131MeV and m η = 526MeV where the input parameters m π , m K , f π and m η ′ have been used [23] . We studied nonet meson properties in the three-flavor NJL model with the dimensional and sharp cutoff regularizations in the leading order of the 1/N c expansion. We employed m u , m π , m K , f π , m η ′ as input parameters and fix the model parameters, m s , G, K, M 0 , and m s , G, K, Λ in the dimensional and cutoff regularizations, respectively. In the case of the dimensional regularization the dimension, D, is still a free parameter. Thus we evaluate the kaon decay constant, the η meson mass and the topological susceptibility as a function of D.
The constituent up-quark mass, m * u , and the renormalization scale M 0 behave in a similar to the two-flavor case way. No consistent solution for m * s is found and the effective coupling, G and K, are divergent around m * s ≃ m * u ≃ m η ′ /2. Below this region η ′ meson propagator develops an imaginary part. The kaon decay constant, f K , is smaller than the observed value, 110MeV, for 2 < D < 4.
We found that m s , f K , m η , χ are almost constant near four dimensions. Fitting the parameters at lower dimension and then taking the four dimensional limit, obtained values for m s , f K , m η , χ are not divergent. The results do not depend on the regularization parameter. It bring us an interesting idea of making a regularization independent prediction in the NJL model.
We have evaluated the physical quantities, m s , f K , χ, m η and ūu , in both the dimensional and the cutoff regularizations for a fixed m u . In the dimensional regularization the topological susceptibility, χ, develops a larger value than the one obtained in the lattice simulation and Witten-Veneziano mass formula for the fixed m η . On the other hand, the η meson acquires a smaller mass than the observed one for the fixed χ.
In the cutoff regularization the cutoff scale significantly depends on m u ; the cutoff Λ increases with decreasing m u . It is interesting to note that the coupling constants become smaller when one takes the larger cutoff, which is consistent with the renormalization group argument where the coupling strength becomes smaller with increasing the energy-scale. This cutoff effect is also confirmed numerically in the NJL model through changing the cutoff in the temporal direction [24] .
In the Tables. II, III and V some difficulty is seen in tuning f K , m η and χ simultaneously. Thus, this paper shows that the model based on the Lagrangian (1) is not satisfactory in either of regularizations. It teaches us that new terms should be added to the Lagrangian to improve the model at least in one of the regularizations. Especially, we are interested in including vector type and multi-fermion interactions and hope to report on the problem in future.
Regarding I ij , we have different expressions depending on the value of k 2 ;
for (m * i − m * j ) 2 < k 2 < (m * i + m * j ) 2 and k 2 = 0, 
